Using the Jordan-Wigner fermionization, Green function approach and continued fractions we examine rigorously the local magnetizations and the local static susceptibilities of the spin-1 2 XX chain in a transverse field with regularly varying exchange interactions. We discuss our findings from a viewpoint of the strong-coupling approach.
We shall be concerned with the local on-site magnetization m n = s 
.
For any finite period of varying of the Hamiltonian parameters Ω n and I n the continued fractions in Eq. (3) become periodic and can be evaluated by solving quadratic equations. As a result one gets the exact expressions for
e βω +1 , and hence for m n and χ n . Introducing the "local" density of states
the formulas for m n and χ n can be rewritten as follows
Here β = 
where d j are the eight roots of the equation D(ω) = 0. The analytical calculation of ρ n (ω) for chains of larger periods can be easily implemented on a small computer (see the results for periods 6 and 12 presented below).
Magnetization: exact results
Let us discuss the local magnetic properties of the spin model (1) induced by regular nonuniformity. In what follows we restrict ourselves to a case of the uniform field Ω n = Ω and assume that I n = I(1 + δ n ) where δ n is taken either in the form δ n = δ (δ n,1 − δ n,2 + δ n,1+p − δ n,2+p + δ n,1+2p − δ n,2+2p + . . . ) or in the form δ n = −δ cos 2πn p . The parameter δ controls the deviation from uniformity and the parameter p is the period of modulation of the exchange interactions.
The modulation of exchange interactions may be interpreted as a result of the lattice distortion. For example, the first ansatz for δ n corresponds to a displacement of the second site towards the first one, of the (p + 2)th site towards the (p + 1)th one and so on. The second ansatz corresponds to the displacements of sites giving by cosine with period p. Some relevant lattice configurations for p = 3, 4, 6, 12 are shown in Fig. 1 . In our illustrations presented below we In Fig. 2 the zero temperature dependences of local magnetizations m n on field Ω are depicted. Similarly to the total magnetization m, the local magnetizations m n in regularly alternating XX chains exhibit a step-like dependence on the applied field. From the mathematical point of view this is the consequence of a splitting of the initial fermion
if Ω − 2|I| < ω < Ω + 2|I| and ρ n (ω) = 0 otherwise) into several subbands, the edges of which are determined by the roots of equations C(ω) = 0 (6), D(ω) = 0 (7) Panel a corresponds to the chain shown in Fig. 1a , panel b corresponds to the chain shown in Fig. 1b , and so on; the curve denoted by n presents the local magnetization mn; the bold curves present m. to the chain shown in Fig. 1b , and so on. exchange interactions [or lattice distortion] and magnetization profiles at different sites (magnetization profiles along a chain for various fields), which for the considered spin-1 2 XX chain in a transverse field can be traced rigorously.
Such correspondence may be of experimental importance. Thus, the NMR spectra yield the distribution of the local magnetization (see, for example, [11, 12] ). In particular, such analysis was performed to confirm that the lattice modulation in the incommensurate phase in CuGeO 3 has the form of a soliton lattice [11] .
4 Magnetization: strong-coupling approximation
Although we are able to calculate the magnetization profiles for the periodic nonuniform spin-
it is worth to consider those results from a viewpoint of the strong-coupling approximation, which was exploited in a number of papers devoted to spin chains [8] and ladders [9] . On the one hand, by turning to the strong-coupling limit, we can understand better the magnetization processes at zero temperature β = ∞ having a physical picture in terms of spins rather than in terms of Jordan-Wigner fermions. On the other hand, we can use the exact results as a testing ground to see how the approximate approach works. In the strong-coupling limit we put δ = 1. In such a limiting case the chain of period p splits into noninteracting clusters each consisting of p sites. The zero temperature local magnetization in such limit is given by m n = GS|s z n |GS where |GS is the ground state eigenvector of the cluster Hamiltonian. The magnetization plateaus arise due to a change of the ground state with varying of the field.
Consider, for example, the chain of p = 3 shown in Fig. 1a . The relevant 3-site cluster Hamiltonian has the following eigenvectors and eigenvalues
respectively. As follows from Eq. (9) for 0 < Ω < √ 5I the ground state is |1 and therefore according to Eq. (8) 
Moreover, the spin operators at sites s z n are expressed through σ z as follows
Dotted curves in Fig. 5 show how this effective Hamiltonian works while δ deviates from 1. We can compare the exact and approximate results. As δ decreases the strong-coupling approximation predictions for the values of m n , characteristic fields, and detailed shape of profiles start to differ noticeably from the exact results. However, even for δ = 0.6 ( Fig. 5b ) the strong-coupling approximation yields a reasonably good quantitative picture of the magnetization process in the region between m = − 1 6 and m = − 1 2 . Evidently, for small δ (Fig. 5a ) the strong-coupling approach becomes worse and fails in the uniform limit δ → 0 as can be seen from Eq. (13). Obviously, the strong-coupling approach can be used for other chains with regularly modulated exchange interactions (e.g. the Heisenberg chain), for which there are no exact results and the results presented in Fig. 5 may be of use to estimate the accuracy of the strong-coupling approximation.
Susceptibility
Last let us turn to the local static susceptibilities (5) . In Fig. 6 the temperature dependences of χ n at Ω = 0 are displayed. Such dependences are different at various sites. For example, the spin at site 2 of the chain shown in Fig. 1b at low temperature shows little response to the applied field in contrast to spins at sites 1 and 3 (see Fig. 6b ).
It can be also noted that some spins in a nonuniform chain (e.g., the spins at sites 5 -8 for the chain shown in Fig.   1h ) may exhibit almost a temperature-independent static susceptibility. Usually for the gapped (gapless) at Ω = 0 chains shown in Figs. 1c, 1d, 1e, 1f, 1g (Figs. 1a, 1b, 1h ) the low-temperature behavior of χ n and χ differs only in quantitative details. However, in special cases we can observe a qualitative difference. Thus, the temperature behavior of the static susceptibility for a gapless chain mostly increases from a finite value to a maximum and then decreases inversely proportionally to temperature, whereas, for example, the local susceptibility at site 1 (2) of the chain shown in Fig. 1a (1b) exhibits a different behavior: as the temperature increases it decreases achieving a minimum at a finite temperature and then increases approaching the high-temperature asymptotic. To conclude, we studied the local magnetizations and the local static susceptibilities of the spin-1 2 XX chain in a transverse field with regularly alternating exchange interactions. These quantities can be calculated exactly using the Jordan-Wigner fermionization, Green function approach and continued fractions. We showed a relation between the alteration of the exchange interactions and i) the zero temperature local magnetizations along the chain at different external fields and ii) the local susceptibilities along the chain at different temperatures. We found that the characteristic fields at which the zero temperature magnetization plateaus start and end up are the same for all sites contrary to the heights of plateaus, which are not universal but site-dependent and which depend on details of intersite interactions and the applied field. We interpreted the observed magnetization profiles from a viewpoint of the strong-coupling approach demonstrating a region of validity of that approximation. We discussed the temperature behavior of the local susceptibilities.
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